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Abstract—Directional and hemispherical reflectance and transmittance, which result from collimated

incident radiation on a semi-infinite absorbing-scattering medium, are presented as a function of refractive

index and scattering albedo. Exponential kernel substitution is used to develop an approximate but closed

form solution to the governing transport equation, It is considered that scattering is isotropic and that

the Fresnel relations govern the interface reflection and transmission. Exact solution, available only

for normally incident radiation, reports hemispherical reflectances that are within 15 per cent of the
predicted values.

NOMENCLATURE R(u,;), directional reflectance;
A(u), function defined in equation (25); R, (1), directional reflectance, n = 1;
a, constant used in exponential approximation; R¥{w), exact directional reflectance,n=1;
B{z), interface function equation (11); Ru{ny), contribution of interface to directional
b, constant used in exponential approximation; reflectance;
C,,C,, integration constants defined in R.(n,), contribution of scattering to directional
equations (19) and (20); reflectance;
Co» constant defined in equation (9); S(1), source function;
d,, constant defined in equation (17); S,(t), source function, n = 1;
E(r), exponential integral of the first kind, T{r), transmittance.
equation (4);
F,,  collimated incident radiation; Greek symbols
F{y,), incident flux due to collimated radiation in B, extinction coefficient;
a direction of g, ; 4, Dirac delta function;
F*{z), flux distribution in the positive direction; a, propagating angle, Fig, 1;
F~(z), flux distribution in the negative direction; fy, incident angle, Fig. 1;
F}(z), flux distribution in the positive direction, #,, apparent angle, Fig, 1;
n=1; o, direction corresponding to angle @ and
F, (7}, flux distribution in the negative direction, defined by u = cos6;
= 1; p(y), interface reflectance due to incident radiation
H(u), Chandrasekhar’s H function; from the medium in direction of y;
I (z, 4, ®), intensity distribution in positive p4(ty), interface reflectance due to incident radiation
direction; from the vacuum in direction of u,;
I™(z, u, ®), intensity distribution in negative , scattering coefficient;
direction; T, optical depth;
I7(uy,®), intensity in negative direction at the ®, azimuthal angle;
vacuum side of interface; Y(1), nondimensional source function;
n, refractive index of medium; ¥,(1), nondimensional source function, n = 1;
P, constant used in exponential approximation; w, scattering albedo.
4. constant used in exponential approximation;
R, hemispherical reflectance;

INTRODUCTION

WHEN THE refractive index of an absorbing and
scattering medium differs from unity, interface reflec-
tions and refractions influence significantly the ap-
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R,, hemispherical reflectance, n = 1;
R¥,  exact hemispherical reflectance, n = 1;
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present study examines that influence on directional
and hemispherical reflectances and on the trans-
mittance that result from collimated incident radiation
on a semi-infinite plane medium, which absorbs and
scatters radiation isotropically. Exponential kernel
substitution similar to the one used by Armaly et al.
[1,2,6,7] is employed to obtain an approximate but
closed form solution. The relatively simple form of the
solution permits a more detailed look, over a wider
range of variables than previously reported, into the
roles played by scattering and refractive index.

The directional reflectance, which results from col-
limated incident radiation on a semi-infinite absorbing
and isotropically scattering medium that has a re-
fractive index of unity, has been studied by Chan-
drasekhar [8]. Giovanelli [9], through a numerical
solution, examined the influence of refractive index by
considering a case of normally incident radiation and
provided values for hemispherical reflectance. The same
condition was examined by an approximate method,
which uses a two flux model and neglects directional
behavior [10,11]. For incident angles other than
normal, the directional behavior of reflectance and flux
distribution within a medium have not been considered
in the open literature.

FORMULATION

The physical system considered consists of a semi-
infinite planar medium which absorbs and scatters
radiation isotropically. It is characterized by a spectral
scattering albedo, w (ratio of scatter, g, to extinction, S,
coefficient), and a refractive index, n. Monochromatic
collimated radiation is incident at the interface in a
direction u, = cos 6, (Fig. 1). Emission from the medium
at the incident frequency is considered negligible. The
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FiG. 1. Schematic of coordinate system.
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medium, 7

interface is assumed to be smooth and its reflection
and transmission characteristics to be governed by
Snell’s law and the Fresnel relations [12].

The intensity distribution for the above described
conditions can be stated by [2]

I (1, 1, ®) = I'* (0, u, Dyexp(—1/p)
+f S(yexp[ —(z—1)/u]dt/p) 1)

and

I"(t, 0, @) = J S(ryexp[ —(t~t)/u)(dt/p).  (2)

The terms I'*(z, u, @) and I~ (z, u, ®) denote the inten-
sities in the plus and minus directions respectively. The
term

T = jx B(x)dx’

is the optical depth, u equals cos#, and S(z) is the
source function defined by

w 2n ("1
=3—f jl*(o,u,d))exp(—r/u)dudd)
(4]

T Jo

S(1)

w

+~FS(:)E1(|T—z|)dx. 3)
2 Jo

The term E, (t) represents the exponential integral and
is given by

1
Ei(n= j exp(—t/u)(du/w). )

The intensity at the interface, I*(o, u, @), is given by
I*(0, 4, ®) = n*[1—p1 ()] Fed(py ~ 1,)0 (@ — B,)

+p(u)f S(e)exp(—t/p)(de/u). (5)

The first term is due to the interface transmission of
incident radiation, and the second is due to the interface
back reflection of scattered radiation. The term p, (u,)
denotes the interface reflectance caused by radiation
incident from the vacuum side in the direction g, and
p(u) represents the interface reflectance caused by
radiation incident from the medium side in the direction
u. The term F,6(uy —u,)0(®—®@,) represents the col-
limated incident radiation in a direction, y,; J is the
Dirac delta function. The directions on both sides of
the interface are related by Snell’s Law [12];

ui = 1-n*(1—p?) ©)

The interface reflectances are governed by the Fresnel
relations. The complex part of the index of refraction
is assumed to be small in comparison to the real part.
This assumption permits the interface to be treated as
a pure dielectric. The reflectance, p(u), equals unity
for all angles larger than the critical angle, y, = cosé,,
which is given by

= (n?—1)/n% (7

The transmitted incident radiation is bounded by that
angle. Equations (3), (5), and (6) can be combined to
yield the following integral equation for the source
function:

S(6) = F (1)1 = p1 o) exp(—v/c,) e,
+3 J s<r){E1(tr—m
1
+ f pOu)exp[-(t+r)/u](d/t/u)}dt ®)
in which

¢ =1—(1—pjyn’ ©)

and F(u,) = F,u, is the incident flux caused by col-
limated radiation incident in the direction of u,. The
solution to the source function, equation (8), and its
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use with equations (1) and (2) lead to the complete
specification of the intensity distribution within the
medium.

Kernel substitution

The exact numerical solution of the governing
integral equation, equation (8), is lengthy and com-
plicated. In the present study, an exponential kernel
substitution is used in an effort to obtain a closed form
but approximate solution. The governing equation can
be restated as

8(t) = oF ()1~ p1(u,)] exp(—t/c,)f4nc,

Moo
+%J S({E, (It —1])
° +E (t+8)—B;(z+0}dt, (10)
in which

1
Bl(r)=J [1—p(]exp(—c/du/m. (1)

The function B,(z) appears in the governing equa-
tion, because the medium possesses a refractive index
other than unity. It accounts for the back reflection
to the medium at the interface. It has been established
[13] that whenever the refractive index of a medium
islarger than 1-2 that interface function can be approxi-
mated by an exponential term, such as

By (1) ~ pexp(—qr). (12)

the constants p and g are functions of the refractive
index and are tabulated by Armaly et al. [1,13]. The
use of these constants with the exponential approxi-
mation predicts the exact values of the function to
within three per cent. When the refractive index is unity,
there is no reflection or refraction at the interface, and
B (r) is reduced to E;(t). Exponential approximation
to the exponential integral has been used frequently
in radiative transfer studies [14] and can be rep-
resented by

E (1) >~ aexp(—br). (13)

Two choices for a and b have been used in the literature.
The first,a = b = 2, and the second is a = b = /3. The
latter has been shown to be more suitable [6] and is
the one used in this study. This approximation and
the one for the interface function, equation (12), are
used to transform the kernel in equation (10) to a
separable one.

V() = exp(—=1/c)+ 5 f "y aexp[—b( -]

+aexp[~b(t+0)]—pexp[—q(t+1)]} dr, (14)
in which

Y(x) = dnc, S {oF )1 -p:1(o)]}.  (15)

SOLUTION

The above integral equation has a separable kernel
and can be transformed into an equivalent linear
differential equation with constant coefficients;

Y(@) +qY"(t) —dY'(r) — qd Y ()

= (g—~1/c,)[(1/c}) ~b*] exp(~1/c,), (16)

in which
d? = b* ~wab.
The solution is given by
Y(z) = Cyexp(—q1) + C, exp(—d,7)
+(1=b*c)exp(—1/c,)(1—dlcl). (18)
The condition that the source function is finite has
been used to eliminate one constant. The remaining
two constants can be evaluated by back substitution
of the solution in the governing integral equation and

by equating terms of equal power. The resulting ex-
pressions for these constants are:

Ci=~- {wabco/[(l - C:dg)do]
+eo(1=bied)dy+q)/[(1 +c,q)(1 — c2d2)]}/
{wabg/[d,(q* —b*)] + [2(d, + 9)/pw]
x [1+05w{2ab/(g* — b?) +05p/q}]} (19)

a7

and
C; = (0-5wab/d,){29C  /(¢* —b*) +2¢,/(1 ~ c2d2)}. (20)

The above relations for C; and C, are not suitable
when o equals 1. For that case, the following relations
should be used:

Cy=c,b*—q*)/q @
and

Cy = —(2q/p){C.[1+ab/(q*> —b*)+p/4q]
+eop(1=b2c))[2(0+c,q)]}. (22)

Apparent properties

The solution for the source function can now be
used to evaluate the intensity distribution and to
examine the influence of refractive index and scattering
on the apparent radiative properties. The intensity at
the vacuum side of the interface, I7 (uy, ®), is due to
direct interface reflectance of incident radiation and
to interface transmittance or scattered radiation. It is
given by

Il_(ﬂlaq)) = pl(ﬂl)Fcé(Hl _,un)é(q)_q)a)
+{[1—p(#)]/#"2}j S()exp(—t/wdt. (23)

Equation (18) when used with equation (23) yields the
following:
I3 (1, @) = py () F.0(py — p1,)0(® — D,)
+oF ()1~ p1(u,)][1 - p(W)]A(w)/(dnc,n?), (24)
in which
A(p) = C /lgu+1)+Cy/(pd, + 1)
+(1=b%c)e,/[(1—cldd)(u+c,)]). (25)
The intensity, I* (o, u, @), at the interface within the
medium is due to interface transmittance of collimated

incident radiation plus the internally reflected scattered
radiation. It can be deduced from equation (5) as

I+(0’ H, (D) = nch[l —P1(H1)]5(#1 _ﬂo)é(q)_d)a)
+oF(u)p(W[1-p1 ()] AW)/4nc,. (26)

Directional reflectance, R(u,), is defined as the ratio
of apparent intensity, equation (24), to the incident
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collimated radiation, F,. It can be viewed as the sum
of two components

Ripy) = Ry(pr)} + Ry(py).

The first is due to direct surface reflectance and is
given by

(27)

Ry(uy) = p1(p1)d(ps — ,)0(@—@,). (28)

The second is due to interface transmittance of scattered
radiation and is given by

Ry(py) = wpo[1-p1 ()] [1 - p(W)] A(p)/(dmc,n?).  (29)

Hemispherical reflectance, the ratio of reflected to
incident flux, can be evaluated by using the following
definition:

2r 1
R= j J R{p)py dpay d®/p,. (30)

4

The intensity distribution within the medium, I *(z, 4, ®)
and I (z, u, ®), as expressed in equations (1) and (2),
respectively, can be used with the solution for the
source function, equation (18), to evaluate the flux
distribution and the transmittance as defined by:

2n 1
()= f j I (t, 4, ®)pudpdd

0

(1)

2 1
F’(r)=J J I (t, p, ®)pududd (32)

o

and

T(x) = [F (1)~ F~(1)]/F(u,). 33)

MEDIUM WITH A REFRACTIVE INDEX OF UNITY

When the refractive index of a medium becomes
equal to that of the surroundings, reflection and refrac-
tion at the interface do not take place. The interface
function, B, (1), is reduced to the exponential integral
E (7). Some of the apparent properties of such a
medium have been investigated in the literature [8, 9]
through the exact solution of the governing equations.
The exponential kernel approximation is applied to this
problem in order to evaluate its applicability by com-
paring it with exact results and to justify its application
to cases in which the refractive index is other than
unity, and exact results are not available.

The integral equation governing the source function
for an interface refractive index equal to unity can be
deduced from equation (10) and is given by

Val®) = exp(— /) + o | WlOE (lT~t))ds, (34)
2 Jo

in which

Ya(r) = 4nS,(1)/(wF,). (35)
The subscript, a, identifies quantities associated with
the case in which the refractive index is unity. By
making use of the exponential approximation for E, (z),
equation (13), the integral equation can be transformed
to one with a separable kernel. The solution is given by

l/’a(’t) = ﬂa(l +)uob)(do_b) exp(_dvr)/(”gdoz - 1)

—(1—p2b?) exp(—t/u,)(uid? —1). (36)

The apparent properties can now be evaluated by
using definitions stated in the previous section. The
directional reflectance is given by

1) = [@/(4m) ] {pto(1 + b)(dy~ b)/[ (133 — 1), + 1)]
~ (1 =)/ [(u3d7 = D)+ po) ]} (37)
and the hemispherical reflectance becomes
R, = [0:5w(1 + 4, b)(d, — b)/(pid; —1)]
x [(1/d,)—In(1 +d,)/d?]
x [ ~0-5w(1 — u2b?)/(u2d? —1)]
X [1=poIn(p,+ 1)+, In g, ). (38)
The special case of v = 1 yields
R, = 0-25b(1 + 11,b) +0-5(1 — u2b?)
X [1—poIn(y+ 1)+, In g, ] (39)

The flux distribution within the medium can be ex-
pressed by

F,f(2) = Flu,) exp(—1/u,) + [0-50F (,)/(u3d? — 1)]
X f {(1+p,0)(d,—b)[exp(—1/u)
—exp(_dor)]/(.udo‘— 1) (1 ,uobz)
x [exp(—1/p,) —exp(—t/1)]/ (1t — o)} A2 (40
and

1
F; (1) = O5wF (#O)J {1+ u,b)(d,—b)exp(—d, 1)/

[(u3d3 = D (ud,+ )] — (1 - ub?)
x exp(—1/po)/[(13ds — Do+ )] judp
Giovanelli [9] treated the case in which the refractive

index is unity and developed exact expressions for the
above properties given by

(41)

R¥(u) = wu, Hp)H (u,)/[4m (1 + p,)] 42)
and

R} =1-H(u,)/(1~w) (43)

The term H{u) is Chandresekhar’s H function, and the
asterisks appended to the properties identify them as
exact. These two results, exact and approximate, are
compared in the next section.

RESULTS AND DISCUSSION

The contribution of scattering to the directional
reflectance, R,(u,), which increases with the scattering
albedo, is presented in Figs. 2-4 for various optical
conditions. The figures exhibit clearly the dependence
of this property on the refractive index, the scattering
albedo, and both the apparent and incident angles. It
decreases as the refractive index increases because the
back reflectance increases. This influence, however,
decreases as the scattering albedo approaches unity. As
the incident angle increases, the interface transmittance
decreases and causes the scattering contribution to
decrease. The direct surface reflectance, R,(y,), is
governed by the Fresnel relations and is not shown
graphically. Its magnitude increases with the refractive
index and the incident angle.
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The hemispherical reflectance is depicted in Figs. 5-7
and appears to increase with the scattering albedo and
incident angle. The combined influence of the two
directional reflectance components (direct surface re-
flectance, R {u,), and scattered contribution, Ry{u,)}
governs its behavior, When the scattering albedo is
small, the hemispherical reflectance is influenced
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F16. 7. Hemispherical reflectance, u, = 1-0.

strongly by the behavior of the direct interface reflec-
tance, i.e. it increases with the refractive index and the
incident angle. For large scattering albedo, the scattered
contribution can dominate the behavior of the hemi-
spherical reflectance, i.e. it decreases as the refractive
index and incident angle increase. These two opposing
trends cause, in most cases, the hemispherical reflec-
tance to increase with the refractive index for small
scattering albedo and reverse that behavior as the
scattering albedo increases.

The transmittance, which is produced by incident
radiation that is normal to the interface of a medium
possessing a refractive index of 1-33 and 20, is presented
in Fig. 8. For other incident angles, the transmittance
would be smaller because the surface reflectance would
be higher; however, the trend would be similar to the
normal incident case. At low scattering albedo, the
negative flux, F " (), is negligible relative to the positive
flux, F*(z), and the latter dictates the behavior of the

[1¢]
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F1G. 8. Apparent transmittance, g, = 1-0.

transmittance, equation (33). The magnitude of the
negative flux decreases as the refractive index increases
because the surface reflectance is higher, and it decays
rapidly with optical depth in a manner similar to an
exponentially decaying term. As the scattering albedo
increases, the negative flux increases and becomes
equivalent to the positive flux at w = 1 (conservative
case). This behavior reduces the magnitude of the
transmittance at the interface and decreases the rate of
its decay with optical depth. An increase in refractive
index increases the back surface reflectance, which
causes the transmittance to increase for high scattering
albedo.

A comparison with the exact solution is presented
in Fig. 9 for the case in which the refractive index is
unity. Excellent agreement exists when the scattering
albedo is small, and the error increases slightly as that

0
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F1G. 9. Comparison between exact and approximate
directional reflectance, n = 1.
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F1G. 10. Comparison between exact and approximate
hemispherical reflectance.
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parameter increases. When the refractive index is other
than unity, exact results are available only for the
hemispherical reflectance resulting from normal inci-
dent radiation. A comparison with these results is
shown in Fig. 10. The predicted values differ by less
than 15 per cent from the exact values.

CONCLUSIONS

The influence of the refractive index and scattering
albedo on apparent directional and hemispherical
reflectance and transmittance resulting from collimated
incident radiation has been demonstrated. The simple,
closed form, approximate solution makes it feasible to
evaluate total properties and to perform radiative inter-
change calculations when integrations over directions
and frequencies are required. Directional properties
and flux distribution within a medium can be readily
evaluated from the approximate solution. The con-
tribution of scattering to the directional reflectance
increases as the scattering albedo increases and de-
creases as both the incident angle and refractive index
increase. The hemispherical reflectance increases as
both the scattering albedo and incident angle increase.
An increase in the refractive index will in most cases
increase the hemispherical reflectance at small scatter-
ing albedo, and that trend reverses as the scattering
albedo increases. The transmittance decreases as the
refractive index increases at low scattering albedo, and
this trend is reversed at high scattering albedo. In addi-
tion, it decreases as scattering albedo increases for
small optical depth, and it reverses that trend at large
optical depth. The approximate method ,appears to
predict apparent properties to within 15 per cent of
those predicted by the exact solution.
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INFLUENCE DE L'INDICE DE REFRACTION SUR LE
FACTEUR DE REFLEXION D'UN MILIEU DIFFUSIF ABSORBANT SEMI-INFINI
AVEC RAYONNEMENT INCIDENT COLLIMATE

Résumé—Le facteur de réflexion et la transmittance directionnels et hémisphériques, qui résultent d’un
rayonnement collimaté incident sur un milicu semi-infini diffusif absorbant, sont présentés comme des
fonctions de I'indice de réfraction et de albedo de diffusion. Une substitution & noyau exponentiel est
utilisée afin de développer une solution approchée mais qui permet la fermeture de I'équation
fondamentale de transport. On admet que la diffusion est isotrope et que les relations de Fresnel
gouvernent la réflexion et la transmission sur I'interface. Une solution exacte, utilisable seulement pour
un rayonnement incident normal, fournit des facteurs de réflexion hémisphériques qui approchent les
valeurs prévisionnelles a 15 pour cent prés.

DER EINFLUSS DES BRECHUNGSINDEX AUF DAS REFLEXIONSVERMOGEN
EINES HALBUNENDLICHEN, ABSORBIERENDEN, STREUENDEN MEDIUMS
BEI GEBUNDELT AUFTREFFENDER STRAHLUNG

Zusammenfassung — Die von einer gebiindelt auf ein halbunendliches, absorbierendes, streuendes Medium
auftreflenden Strahlung herrithrende Reflexion und Transmission werden als Funktion des Brechungsindex

und der Albedo dargestelit.

Eine exponentielle Kernsubstitution wird angewendet, um eine geschlossene Naherungslésung der
maBgebenden Transportgleichung zu entwickeln. Es wird beriicksichtigt, daB die Streuung isotrop ist und
die Fresnel-Gleichungen die Zwischenschichtreflexion und die Transmission bestimmen. Eine exakte
Losung, die nur fiir Normalstrahlung anwendbar ist, wird auf die Reflexion in den Halbraum iibertragen

und liefert auf 15 Prozent genaue Ergebnisse.
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BJIIMAHHUE MMOKA3ATEJIA TIPEJIOMJIEHNUS HA OTPAXATEJIBHYIO .
CITOCOBHOCTH TOJIYBECKOHEYHON HOI'JIOMAIOIEN U PACCEUBAIOIIEN
CPEIbI C KOJVIMMHWUPOBAHHBIM IMAJAIOIIUM HU3JIYYEHUEM

Ammoramust — Hanpapnenasie B noychepuveckue OTPaXeHHss W NpoNycKaTenbHas CnocoOHOCTH
1IpH  KOJUTMUMHUPOBAHHOM HM3/IYYEHHH, MALAIOUIEM HA [OJYNPO3paYHyIO NOIJIOUIAIOLIYIO PaCCeHBa-
IOLUYO Cpely, MPeACTABJICHBI B 3aBHCHMOCTH OT MOKAa3aTelNs NpesIOMIEHHs M anbbeno pacceupaHus.
Hcnonp3oBaHa MOACTAHOBKA IKCIOHEHLHAJILHOTO AApA [UIA MOJY4YeHHS NPUOIHXKEHHOrO pEeleHHs
ypPaBHEHUs TEpeHoca B 3aMKHYTol dopme. CyuTaercsi, 4TO PacceMBaHHE ABIIACTCA H3OTPONHLIM, a
3aBHCHMOCTh PpeHens OMMChIBAET OTpaXkeHHe M mponyckanue. TOYHOE peleHHe, HMeoLeecs
TONBKO [/ MEePHeHZHKYIAPHO TNMAlAoLIero H3Ny4YeHHs, AaeT Kod3hdHuHeHTH noycdepHyeckoro
OTpaXeHHU$, KOTOPbIE COOTBETCTBYIOT PacYeTHBIM 3HAYEHUAM B mpeaenax 159%;.



